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Abstract
We derive super−replicating bounds on European option prices when the underlying asset is
illiquid. Illiquidity is taken as the impossibility of transacting the underlying asset at some
points in time, generating market incompleteness. We conclude that option price bounds
follow a Black−Scholes partial differential equation where the volatility term is adjusted to
reflect different levels of illiquidity.
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Lq iulfwlrqohvv frpsohwh pdunhwv/ devhqfh ru duelwudjh uhvxowv lq d xqltxh sulfh iru
dq rswlrq1 Wkh rswlrq*v sulfh lv jlyhq dw dq| srlqw lq wlph e| wkh ydoxh ri wkh
frqwlqxrxvo| uhedodqfhg sruwirolr wkdw uhsolfdwhv wkh sd|r> ri wkh rswlrq dw pdwxulw|1
Lq hfrqrplhv zlwk pdunhw iulfwlrqv/ krzhyhu/ fodvvlfdo ydoxdwlrq wkhrulhv idlo dqg wkhuh
lv qr orqjhu dq xqltxho| ghwhuplqhg rswlrq sulfh1 H{dpsohv ri vxfk pdunhw iulfwlrqv
zlgho| vwxglhg lq wkh olwhudwxuh lqfoxgh wudqvdfwlrq frvwv/ wudglqj uhvwulfwlrqv/ wd{hv
dqg eruurzlqj frvwv1 Lq wklv zrun/ wkh lpshuihfwlrq vwxglhg lv wkh h{lvwhqfh ri oltxlglw|
frqvwudlqwv1
Oltxlglw| lv riwhq gh?qhg lq whupv ri wkh elg0dvn vsuhdg dqg2ru wudqvdfwlrq frvwv1
Lq wklv vhqvh/ looltxlglw| lv wkh vlwxdwlrq zkhuh wudghuv idfh kljkhu wudglqj frvwv wkdq
dw rwkhu wlphv ru lq rwkhu pdunhwv1 Krzhyhu/ pdunhw sduwlflsdqwv ihho looltxlglw|
lq d udwkhu gl>huhqw zd|1 Wudghuv ylhz looltxlglw| dv d uhvwulfwlrq rq wkhlu delolw|
wr wudqvdfw dq dvvhw/ udwkhu wkdq wkh h{lvwhqfh ri wudqvdfwlrq frvwv1 Wklv w|sh ri
looltxlglw| ehfdph pruh uhohydqw diwhu wkh uhfhqw ?qdqfldo fulvhv zkhq vrph pdunhwv
whpsrudulo| glvdsshduhg1 Ehvlghv Orqjvwd> +5334,/ wklv w|sh ri oltxlglw| kdv qrw ehhq
jlyhq pxfk dwwhqwlrq/ dowkrxjk ehlqj dq lpsruwdqw fkdudfwhulvwlf ri dfwxdo ?qdqfldo
pdunhwv1
Zh frqvlghu looltxlglw| dv wkh lpsrvvlelolw| wr wudqvdfw wkh xqghuo|lqj dvvhw dw
jlyhq srlqwv lq wlph1 Wkhuhiruh/ pdunhwv duh qr orqjhu frpsohwh dqg wkh delolw|
wr frqvwuxfw dw dq| srlqw lq wlph d uhsolfdwlqj sruwirolr lv frqvwudlqhg1 Zh iroorz
wkh vxshu0uhsolfdwlrq dssurdfk ghyhorshg e| Ho Ndurxl dqg Txhqh} +4<<4/4<<8, dqg
Ndudw}dv dqg Nrx +4<<9, wr frqvwuxfw wkh ehvw srvvleoh uhsolfdwlqj sruwirolrv xqghu
wklv lqfrpsohwh pdunhw vwuxfwxuh1 Wklv dssurdfk ghwhuplqhv wkh plqlpxp +pd{l0
pxp, ydoxh wkdw doorzv d wudghu vhoolqj +ex|lqj, rswlrqv wr khgjh frpsohwho| klv
srvlwlrq1 Vxfk ydoxhv duh duelwudjh0iuhh erxqgv iru wkh rswlrq sulfh1
Lq wklv zrun/ rswlrq sulfh erxqgv duh jhqhudwhg rqo| dv d frqvhtxhqfh ri looltxlglw|
lq wkh vwrfn pdunhw1 Wklv zd| ri prgholqj wkh elg0dvn erxqgv frphv yhu| pxfk lq
wkh vslulw ri wkh uhfhqw sdshu ri Fkr dqg Hqjoh +4<<<,/ zkr hpslulfdoo| h{sodlq
rswlrq vsuhdgv e| wkh looltxlglw| ri dq xqghuo|lqj pdunhw/ udwkhu wkdq e| wkh xvxdo
lpshuihfwlrqv41
Wkh qrwh lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh prgho dqg ghulyhv wkh
frvw ri wkh vxshu0uhsolfdwlqj sruwirolrv iru erwk d orqj dqg d vkruw srvlwlrq lq rswlrqv1
Vhfwlrq 6 ghulyhv xsshu dqg orzhu erxqgv lq d pruh  h{leoh zd| ri gh?qlqj looltxlglw|1
Wkh odvw vhfwlrq suhvhqwv wkh pdlq frqfoxvlrqv1 Surriv duh suhvhqwhg lq wkh dsshqgl{1
4H{dpsohv ri rwkhu lpshuihfwlrqv wkdw uhvxow lq rswlrqv sulfh erxqgv duh wudqvdfwlrq frvwv vwxglhg
lq Ohodqg +4<;8,/ Er|oh dqg Yruvw +4<<5, dqg Frqvwdqwlqlghv dqg ]dulskrxsrxorx +4<<<,/ dprqj
rwkhuv/ dqg wudglqj uhvwulfwlrqv dv lq Qdln dqg Xssdo +4<<7, dqg Mrxlql dqg Ndoodo +4<<8,1 Wkh
dvvxpswlrq ri vwrfkdvwlf yrodwlolw| dovr ohg Iuh| dqg Vlq +4<<<, wr ghulyh erxqgv wr wkh sulfhv ri
Hxurshdq rswlrqv dqg Frfkudqh dqg Vd￿0Uhtxhmr +5333, ghyhorshg erxqgv lq d pruh jhqhudo vhwwlqj
ri lqfrpsohwh pdunhwv1
45W k h P r g h o
Ohw wkh vwrfn sulfh iroorz d elqrpldo surfhvv ryhu glvfuhwh shulrgv1 Lq hdfk shulrg
wkh vwrfn*v ydoxh hyroyhv dffruglqj wr wkh udwhv L dqg (/z k h u hL:-:(dqg -
ghqrwhv rqh soxv d frqvwdqw ulvnohvv lqwhuhvw udwh ryhu hdfk wlph shulrg1 Wklv zd| ri
prghoolqj wkh hyroxwlrq ri wkh vwrfn sulfh iroorzv Fr{/ Urvv dqg Uxelqvwhlq +4<:<,1
Frqvlghu d Hxurshdq fdoo rswlrq zlwk h{huflvh sulfh g dqg A shulrgv wr pdwxulw|1
Dw wlph | ’fwkh rswlrq lv wudghg iru d ydoxh ￿1D ww l p h| ’ A wkh rswlrq pdwxuhv
d q gl w vy d o x hl vj l y h qe |￿Ac￿ ’4 @  E f cL￿(A3￿7 ￿ g￿ zkhuh ￿ ’f c￿cØØØcA ghqrwhv
wkh qxpehu ri xszdug pryhphqwv ri wkh vwrfn sulfh xqwlo pdwxulw|1
Li wkhuh duh qr duelwudjh rssruwxqlwlhv/ wkh fdoo rswlrq pxvw eh zruwk wkh vdph
dv wkh fkhdshvw sruwirolr wkdw h{dfwo| uhsolfdwhv wkh ydoxh ri wkh fdoo dw hdfk srlqw lq
wlph1 Wklv sruwirolr frqvlvwv ri { vkduhv ri wkh vwrfn dqg dq dprxqw ￿ lq ulvnohvv
erqgv1 Dv wlph fkdqjhv/ wkh sruwirolr lv dgmxvwhg wr frqwlqxh uhsolfdwlqj wkh ?qdo
sd|r> ri wkh fdoo rswlrq1
Wkh zd| zh gh?qhg looltxlglw| lq wkh xqghuo|lqj dvvhw pdnhv wkh frqvwuxfwlrq ri
vxfk d uhsolfdwlqj sruwirolr lpsrvvleoh/ lq wkh vhqvh wkdw lw fdq qrw eh uhdgmxvwhg dw
doo wkh srlqwv lq wlph1
Dvvxph lq wklv vhfwlrq wkdw wkh sruwirolr frqvwuxfwhg dw wlph | ’ffdq qrw eh
dgmxvwhg xqwlo wlph | ’ A dqg frqvlghu d ?qdqfldo lqvwlwxwlrq vhoolqj d fdoo rswlrq dw
| ’f Ø Lq rughu wr eh khgjhg pd{lpl}lqj lwv zhdowk/ wkh lqvwlwxwlrq pxvw plqlpl}h wkh
frvw ri uhsolfdwlqj wkh sd|r> ri wkh rswlrq dw pdwxulw|1 Lq rwkhu zrugv/ wkh sureohp
ri wkh lqwhuphgldu| lv
￿￿? {7 n ￿
i{c￿j




A Ł ￿Ac￿ iru ￿ ’f cØØØcA
Wkh vroxwlrq wr wklv sureohp lv rewdlqhg iroorzlqj Ho Ndurxl dqg Txhqh} +4<<4/ 4<<8,
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Wklv glvfuhwh wlph prgho fdq eh xvhg wr ghulyh d frqwlqxrxv wlph ydoxdwlrq htxd0
wlrq/ iroorzlqj Fr{/ Urvv dqg Uxelqvwhlq +4<:<,1 Qrwlfh wkdw lq wklv frqwh{w/ wkh
h{shfwhg udwh ri lqfuhdvh ri wkh xqghuo|lqj dvvhw shu xqlw wlph lv RL nE ￿￿ R￿(c
zkhuh R ghqrwhv wkh suredelolw| wkdw wkh udwh lv LØ Dovr shu xqlw wlph/ wkh yduldqfh ri
wkh ydoxh ri wkh xqghuo|lqj dvvhw lv wkhq jlyhq e| j2 ’ 72RE￿ ￿ R￿EL ￿ (￿
2 Ø Vxssrvh
qrz wkdw hdfk ruljlqdo wlph shulrg lv glylghg lqwr ￿*ß vpdoohu shulrgv1 Wkh lvvxh lq
rughu wr wdnh wkh olplw ß $ f lv wr vxlwdeo| fkdudfwhul}h wkh hyroxwlrq udwhv iru hdfk
ri wkhvh vpdoo wlph lqwhuydov1 Wr suhvhuyh wkh h{shfwhg udwh ri lqfuhdvh dqg yduldqfh
5ri wkh ydoxh ri wkh xqghuo|lqj dvvhw shu xqlw wlph lq wkh olplw deryh/ Fr{/ Urvv dqg
Uxelqvwhlq +4<:<, vkrz wkdw wkh udwhv ri lqfuhdvh shu wlph lqwhuydo ß pd| eh dgmxvwhg
dv Lß ’ ej
I
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dqg ￿ ghqrwhv wkh wlph wr pdwxulw|1 Wkhq/ h{sdqglqj wkh ixqfwlrq ￿ durxqg E7c￿￿
dqg wkhq hdfk h{srqhqwldo durxqg ß ’f / lq wkh olplw zkhq ß $ f wkh htxdwlrq deryh

















Rq wkh rwkhu kdqg/ li wkh ?qdqfldo lqvwlwxwlrq lv frqfhuqhg derxw wkh frvw ri
uhsolfdwlqj d orqj fdoo rswlrq rq wkh vdph xqghuo|lqj dvvhw/ lwv sureohp lv
￿@% {7 n ￿
i{c￿j
vxemhfw wr wkh whuplqdo frqglwlrqv=
{L￿(A3￿7 n ￿-A Ø ￿Ac￿ iru ￿ ’f cØØØcAØ
Wkh vroxwlrq wr wklv sureohp ghshqgv rq wkh uhodwlrq ehwzhhq -A dqg wkh ydoxh ri
wkh dvvhw dw hdfk uhedodqflqj srlqw lq wlph1 Ohw % eh gh?qhg dv wkh lqwhjhu vdwlvi|lqj
LA3E%n￿￿(%n￿ ￿- A ￿L A3%(%c dqg f Ø % Ø A ￿ ￿Ø Iroorzlqj Ndudw}dv dqg Nrx






























66J h q h u d o P r g h o
Wklv vhfwlrq ghyhorsv d pruh  h{leoh zd| ri fkdudfwhul}lqj looltxlglw|1 Lq wkh iruphu
vhfwlrq/ wkh xqghuo|lqj dvvhw frxog qrw eh wudqvdfwhg diwhu | ’fdqg ehiruh | ’ AØLw lv
qrz dvvxphg wkdw/ lq wkh glvfuhwh0wlph vhwwlqj/ wkh dvvhw fdqqrw eh wudqvdfwhg gxulqj
s f r q v h f x w l y hs r l q w vl qw l p hd q gw k h qf d qe hw u d q v d f w h gi r u} frqvhfxwlyh srlqwv lq
wlph1 Wklv vwuxfwxuh lv uhshdwhg xqwlo wkh pdwxulw| gdwh AØ Lq rwkhu zrugv/ iru doo
lqwhjhu @￿
A3s
sn} wkh dvvhw lv qrw wudqvdfwhg iru | 5^ @ d@Es n }￿n￿ c@Es n }￿nso
dqg pd| eh wudqvdfwhg lq wkh uhpdlqlqj vhw ri srlqwv lq wlph1 Xqghu wklv vhwwlqj/ dq

































iru wkh orzhu erxqg1
Dv ehiruh/ rswlrq sulfh erxqgv iroorz d Eodfn0Vfkrohv SGH zlwk dq dgmxvwphqw
lq wkh yrodwlolw|1 Qrwlfh wkdw zkhq lw lv srvvleoh wr wudgh wkh xqghuo|lqj dvvhw lq
hyhu| srlqw lq wlph/ l1h1 zkhq s ’f c htxdwlrqv +7, dqg +8, duh h{dfwo| htxdo wr wkh
Eodfn0Vfkrohv SGHØ Qrwlfh dovr/ wkdw htxdwlrqv +5, dqg +6, fdq eh uhdglo| rewdlqhg
uhvshfwlyho| iurp +7, dqg +8, e| frqvlghulqj wkdw/ dffruglqj wr wkh dvvxpswlrqv lq
vhfwlrq 5/ wkhuh lv d vhtxhqfh ri A ￿ ￿ srlqwv lq wlph zkhuh zh fdqqrw wudqvdfw wkh
xqghuo|lqj dvvhw/ l1h1 s ’ A ￿ ￿c iroorzhg e| mxvw rqh srlqw zkhuh wkh dvvhw fdq eh
wudqvdfwhg/ l1h1 } ’￿ Ø
7F r q f o x v l r q
Wkh prgho suhvhqwhg lqwurgxfhv looltxlglw| lq wkh vhqvh wkdw lw lv qrw eh srvvleoh wr
wudqvdfw wkh xqghuo|lqj dvvhw lq hyhu| srlqw lq wlph1 Wklv lqdelolw| wr dgmxvw wkh
khgjlqj sruwirolr zloo uhvxow lq dgglwlrqdo ulvn iru wudghuv1 Wkhuhiruh/ wkhuh lv qr
sulfh wkdw jxdudqwhhv wkh devhqfh ri duelwudjh rssruwxqlwlhv iru erwk vkruw dqg orqj
srvlwlrq lq wkh wudgh ri rswlrqv1 Lq wklv zrun/ vxshu0uhsolfdwlrq erxqgv rq Hxurshdq
rswlrqv sulfhv duh ghulyhg xqghu wklv dvvxpswlrq1
Vxshu0uhsolfdwlqj sulfh erxqgv iroorz d Eodfn0Vfkrohv SGH zkhuh wkh yrodwlolw|
frphv dgmxvwhg wr frqvlghu gl>huhqw ohyhov ri looltxlglw|1 Dv h{shfwhg/ wkh Eodfn0
Vfkrohv sulfh olhv ehwzhhq wkhvh duelwudjh0iuhh erxqgv1 Pruhryhu/ dv oltxlglw| lq wkh
xqghuo|lqj dvvhw lqfuhdvhv/ erxqgv ehfrph qduurzhu dqg froodsvh lq wkh Eodfn0Vfkrohv
sulfh1
7Uhihuhqfhv
^4‘ Er|oh/ S1 dqg W1 Yruvw/ 4<<5/ Rswlrq Uhsolfdwlrq lq Glvfuhwh Wlph zlwk Wudqv0
dfwlrqv Frvwv/ Mrxuqdo ri Ilqdqfh/ 7:/ 5:405<61
^5‘ Fkr/ \1 dqg U1 Hqjoh/ 4<<</ Prgholqj wkh Lpsdfwv ri Pdunhw Dfwlylw| rq Elg0
Dvn Vsuhdgv lq wkh Rswlrq Pdunhw/ glvfxvvlrq sdshu <<038/ XFVG1
^6‘ Fr{/ M1F1/ V1D1 Urvv dqg P1 Uxelqvwhlq/ 4<:</ Rswlrq Sulflqj= D Vlpsol?hg
Dssurdfk/ Mrxuqdo ri Ilqdqfldo Hfrqrplfv/ :/ 55<05961
^7‘ Frfkudqh/ M1 dqg M1 Vd￿0Uhtxhmr/ 5333/ Eh|rqg Duelwudjh= Jrrg0ghdo Dvvhw
Sulfh Erxqgv lq Lqfrpsohwh Pdunhwv/ Wkh Mrxuqdo ri Srolwlfdo Hfrqrp|/ 43;/
:<04531
^8‘ Frqvwdqwlqlghv/ J dqg W1 ]dulskrxsrxorx/ 4<<</ Erxqgv rq Sulfhv ri Frqwlqjhqw
Fodlpv lq dq Lqwhuwhpsrudo Hfrqrp| zlwk Sursruwlrqdo Wudqvdfwlrq Frvwv dqg
Jhqhudo Suhihuhqfhv/ Ilqdqfh dqg Vwrfkdvwlfv/ 6/ 678069<1
^9‘ Ho Ndurxl/ Q1 dqg P1F1 Txhqh}/ 4<<4/ Surjudpdwlrq G|qdpltxh hw ￿ydoxdwlrq
ghv Dfwliv Frqwlqjhqwv hq Pdufk￿ Lqfrpsohw/ Frpswhv Uhqgxhv gh o* Dfdghp|
ghv Vflhqfhv gh Sdulv/ V￿ulh L/ 646/ ;840;87
^:‘ Ho Ndurxl/ Q1 dqg P1F1 Txhqh}/ 4<<8/ G|qdplf Surjudpplqj dqg Sulflqj ri
Frqwlqjhqw Fodlpv lq dq Lqfrpsohwh Pdunhw/ VLDP Mrxuqdo ri Frqwuro dqg Rs0
wlpl}dwlrq/ 66/ 5<0991
^;‘ Iuh|/ U1 dqg F1 Vlq/ 4<<</ Erxqgv rq Hxurshdq Rswlrqv Sulfhv xqghu Vwrfkdvwlf
Yrodwlolw|/ Pdwkhpdwlfdo Ilqdqfh/ 8/ 4<:05651
^<‘ Mrxlql H1 dqg K1 Ndoodo/ 4<<8/ Duelwudjh lq Vhfxulwlhv Pdunhwv zlwk Vkruw0Vdohv
Frqvwudlqwv/1Pdwkhpdwlfdo Ilqdqfh/ </ <:04491
^43‘ Ndudw}dv/ L1 dqg V1 J1 Nrx/ 4<<9/ Rq wkh Sulflqj ri Frqwlqjhqw Fodlpv zlwk
Frqvwudlqhg Sruwirolrv/ Dqqdov ri Dssolhg Suredelolw|/ 9/ 654069<1
^44‘ Ohodqg/ K1/ 4<;8/ Rswlrq Sulflqj dqg Uhsolfdwlrq zlwk Wudqvdfwlrqv Frvwv/ Mrxu0
qdo ri Ilqdqfh/ 73/ 45;6046341
^45‘ Orqjvwd>/ I1/ 5334/ Rswlpdo Sruwirolr Fkrlfh dqg wkh Ydoxdwlrq ri Looltxlg Vh0
fxulwlhv/ Wkh Uhylhz ri Ilqdqfldo Vwxglhv/ 47/ 73:07641
^46‘ Qdln/ Y1 dqg U1 Xssdo/ 4<<7/ Ohyhudjh Frqvwudlqwv dqg wkh Rswlpdo Khgjlqj
ri Vwrfn dqg Erqg Rswlrqv/ Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 5</
4<<05551
8D dsshqgl{
D14 Wkh SGH iru wkh xsshu erxqg
Ohw } eh wkh qxpehu ri lqlwldo srlqwv lq wlph zlwk wudqvdfwlrqv/ lqfoxglqj | ’f (s
lv wkh qxpehu ri srlqwv lq wlph ehwzhhq wzr frqvhfxwlyh wudqvdfwlrqv/ wkdw lv/ s n￿
lv wkh qxpehu ri shulrgv rqh kdyh wr zdlw wr wudqvdfw djdlq wkh xqghuo|lqj dvvhw>
R ’ -3(
L3( dqg Z ’ -A3(A
LA3(A Ø Wkhq/
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D15 Wkh SGH iru wkh orzhu erxqg
Ohw } eh wkh qxpehu ri lqlwldo srlqwv lq wlph zlwk wudqvdfwlrqv/ lqfoxglqj | ’f (s
lv wkh qxpehu ri srlqwv lq wlph ehwzhhq wzr frqvhfxwlyh wudqvdfwlrqv/ wkdw lv/ s n￿
lv wkh qxpehu ri shulrgv rqh kdyh wr zdlw wr wudqvdfw djdlq wkh xqghuo|lqj dvvhw>
R ’ -3(
L3( dqg ￿ ￿ ’ -A3(
L3( Ø Wkhq/
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R￿E￿ ￿ R￿}3￿3￿dZ￿E2￿ n2￿ }￿2 nE ￿￿ Z￿￿E2￿ ￿ }￿2o’}Ø
Wkhq/ wkh sduwldo gl>huhqwldo htxdwlrq vdwlv?hg e| wkh fdoo sulfh lv jlyhq e|
￿o￿ ￿ Y￿
Y￿ n Y￿
Y77o n Y2￿
Y72j272 }
sn} ’f Ø
: